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Abstract. Hidden symmetries, those not found by the classical Lie group method for point
symmetries, are reported for nonlinear first-order ordinary differential equations {0DEs)
which arise frequently in physical problems. These are for the special class of the eight
non-Abelian, two-parameter subgroups of the eight-parameter projective group, The first-
order ODEs can be transformed by non-local transformations to new separable first-order
ODEs which then can be reduced to quadratures. The first-order ODEs include Riccati
equations and equations which in particular cases are of the form of Abel’s equation. The
procedure demonstrates the feasibility of integrating nonlinear oDEs that do not show any
apparent Lie group point symmetry. Applications to the Vlasov characteristic equation and
the reaction-diffusion equation are given.

1. Introduction

The application of Lie group symmetries to nonlinear differential and differential-
integral equations has produced a large number of exact solutions or simplifications
of the equations [1-24]. This approach has been widely used in the solution of
differential equations which describe physical and engineering as well as biological
and chemical problems. It has been especially helpful for nonlinear differential
equations as so many of the methods for linear differential equations fail for nonlinear
differential equations. Nonlinear diffusion problems are especially amenable to this
approach [3,7, 9] but applications to other nonlinear problems, to general relativity
equations [11], fluid equations [5, 8, 12, 13], shocks [14], kinetic equations for plasmas
[15-22], transport equations in semiconductors [23], are known.

Not all exact solutions of nonlinear differential equations are found by what has
come to be called the classical Lie group method for point symmetries, however. First,
the equations may have contact or generalized symmetries. These are not really what
is meant here by hidden symmetries although in the case of the higher-order ordinary
differential equations {(ODEs), symmetries may be missed that are found if the higher-
order ODEs are replaced by a set of first-order opEes [8, 22]. In this analysis hidden
symmetries are those that are not found by the usual methods for determining the Lie
point, contact or generalized symmetries of a particular differential equation [24]). The
hidden symmetries may be the non-classical symmetries for partial differential equations
where a pDE, which is equivalent to the new symmetry, is adjoined to the original PDE
such that the resultant set is now invariant under the new symmetry [25-27). Potential
symmetries for PDEs have also yielded some interesting solutions [9]. In this work we
restrict our considerations to obpgs, which are mostly nonlinear, and consider one sort
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of hidden symmetry. This symmetry arises when an oDE is converted to a higher-order
opE which is then invariant under a Lie point group that was not an invariance of the
original oDE and is called a type [ hidden symmetry.

The symmetry is hidden since application of the usual classical method does not
find it. That method applies the extended group generator to the differential equation(s)
as an invariance condition and requires that the differential equation(s} hold simul-
taneously. The invariance condition, which is an identity, leads to a set of linear partial
differential equations, called determining equations, for the coordinate functions of
the group generator. The coordinate transformation, which simplifies the differential
equation such that the order can be reduced, is calculated from the characteristic
equations for the coordinate functions. Except for the coordinate functions of the
group generator for nonlinear first-order oDEs the determining equations can usually
be integrated. Integration of the characteristic equations is less certain but for many
common groups can be performed. The determination of the Lie point symmetries of
a nonlinear first-order opE is difficult since the determining equation is a single intricate
PDE. Most of the nonlinear first-order oDEs that can be identified as invariant under
a group were integrated by a guess or were found to be of the general form of a
differential equation invariant under a particular Lie point group [1]. The compilation
of a table of general forms of nonlinear differential equations invariant under a hidden
symmetry is opposite in approach to the direct construction of the Lie point group for
a particular nonlinear oDE by the classical method. Calculating the general form of
the differential equation from the Lie group symmetries is the inverse problem. This
indirect approach is used here for the calculation of the first-order opEs invariant
under hidden symmetries. It was used by Cohen [1] in the early years of this century
for Lie point groups and more recently by Fushchich and Nikitin [24).

The hidden symmetries of first-order oDEs are chosen for two reasons. First, the
determination of the Lie point group under which first-order opEs are invariant is the
most intractable problem of determining symmetries of oDEs by the direct classical
method so that some procedure to enlarge the class of solutions is welcome. Second,
one of us has been looking for more solutions of the motion of a one-dimensional
charged particle in a time- and space-dependent electric field. This problem arose in
the solution of the one-dimensional, nonlinear Vlasov-Maxwell equations for a col-
lisionless plasma {15-18]. Many engineering and physical problems are described by
sets of nonlinear, partial differential equations but these are frequently reduced to
nonlinear oDEs of first order. Phase plane trajectories have been analysed to determine
the behaviour of the solutions [7], but here we look for exact analytical solutions. The
simplest case is considered where the higher-order ones are of second order and are
invariant under a non-Abelian two-parameter group. These second-order ODEs can be
reduced to first-order oDEs and then to quadratures if the differential invariants
associated with the normal subgroup are chosen. The transformation to canonical
coordinates, those coordinates that make the transformed second-order ODE invariant -
under translations in the independent variable, can also be done but we do not use
that approach here. However, if the differential invariants of the non-normal subgroup
are chosen, the reduction usually stops in first order [&]. This occurs because a point
group symmetry originally present in the second-order opE has been lost. These
reduced, first-order ODEs are the oDEs with the hidden symmetries. For completeness
we note that the reduced, first-order ope may have a group invariance that the original
second-order opE did not possess. The invariance of the first-order opE under this
new group is a hidden symmetry of the second-order onE and is not discussed here.
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The eight-parameter projective group [8-10] has been chosen first since the
‘maximum number of symmetries under which a second-order opeE is invariant is eight.
The non-Abelian two-parameter subgroups are selected from the projective group and
are found by looking at the commutators of the group generators, partial differential
operators, for each of the eight one-parameter subgroups. Eight cases are found by
computing the commutators but they may be read from a commutator table [9]. A

' general form of the first-order ODE is given for each of the eight cases together with

the appropriate variable transformation to the associated second-order ope. The
variable transformation to reduce the first-order onE to quadrature is also indicated.
The general procedure for finding all these expressions is shown for one case. Two
plasma equations, Vlasov characteristic and reaction-diffusion, are analysed.

2. General procedure for finding hidden symmetries

The group generatoris U = £(z, #)3/32 + n(z, u)d/du for the general second-order ODE,
F(z, uu,u.)=0 (1)

where £ and 7 are the coordinate functions and the notation u, = du/dz, u., = d*u/dz*
is used.
For the projective group the group generators are

Usd, U,=a, U; =24, U,= ud, Us=1z3, )
Ny
Ug=ud, U, =zug, + 1%, U= 2%, + zua,

where the notation 8, =3/5z, etc, is introduced for conciseness [8-10].

The Lie algebra associated with a two-parameter symmetry group is defined by the
commutator of the group generators. For the non-Abelian two-parameter subgroups
of the projective group the commutators of the group generators are of the form

B [Uaa U,G]kuu (3)

where kis £1. The group associated with the group generator U, is the normal subgroup.

The general form of the second-order oDEs is next given. For the uncomplicated
groups treated here the general form of the opE in second order is first found for each
of the eight sepdratg one-parameter groups by calculating the invariants. Next the
overlap of the general*forms of the second-order oDEs is found. By overlap we mean
that the resultant form of the second-order differential equation is valid for both group

- 'invariances. Another way touﬁnq the general form is by applying the Bluman-Kumei

procedure [9]. In that approach the general form of the second-order OnE for the one
group is restricted by imposing conditions due to the second group.

The invariants are determined by ‘integrating the characteristic equations of the
extended group generator. The characteristic equations are

dz _ du _ du, - du,, @
A e S e N P N S TR
- Sy W) ARSI Tfz\ &y 3y W3 ) ffzz\ &y W8y Wiz, Uzz)

The invariants determined from integrating these equations are the first differential
invariant, Y(z, u, u,), and the invariant or path-curve, X(z, u), as well as the second-
order differential invariant. The choice of new coordinates x and y which reduce the
second-order oDk to a first-order ODE is not unique. We choose y= Y(z, #, 4,) and
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x = X(z, u) but we could choose x as a function of X and y as the product of a
function of X and a function of Y, for example. The first-order differential equation
is of the form

=f{x,7) (5)

and can be found from the second-order differential equation for both subgroups of
the two-parameter subgroup. The variable transformation is then determined between
the variables for the two first-order ODEs as described in the next section. The solution
for the first-order oDE in the non-normal subgroup variables is given by the variable
transformation and the solution of the separable onE in the normal subgroup variables.

3. Hidden symmetries for U, and Uy

The procedure is illustrated for one case. We start with the characteristic equations
for U; and Uy with commutator [ Uy, U] = — Uy, These are

P P e - (6)

for U, and
dz_du_ du,  du, o
22w u—zu, —3zu,

for Us. These integrate to give the invariants u, zu,, z°u,, for U, and u/z, u—zu_, z°u,,
for Us.

The general form of the differential equations is found as a function of the invariants.
For these two group generators the general forms of the second-order oDEs are:

F(u, zu,, z°u,,}) =0
for Us; and .
F{ujz,u—zu,, z*u.)=0 (8)
for Us. The overlap of these two ODEs gives

F(u-—zu,, zzuuzz)=0 (9}

. L A b
where for the uncomplicated invariants the combinations that work for both general

ODEs in equation (8) are easy to discover. For the non-normal subgroup with group |

generator U the first-order differential invariant, y,-and the path-curve, x, are y = zu,
and x = u. Another choice of vanab]es in terms of the invariants could give a differential
equation with more arbitrary functions. For example x=e(u) and y =f (u)zu, would
introduce more arbitrary functions. Equivalently, one can introduce a change of
variables in (10) by setting x equal to an arbitrary function of a new variable and
changing y appropriately. For the compilation of an extensive set of look-up tables
one might choose various combinations of y and x in terms of the invariants but that
is not done here. Substituting these into (9) where we restrict our attention to the
particular form with the first-order derivative to the first power, we find

ﬂ__-_g_(i__y).‘_l h (10)
dx Xy
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where g is an arbitrary function of its argument. For special forms of g, equation (10}
becomes Abel’s equation. The other choice of differential invariant and path curve for
the normal subgroup with group generator Uy is § = # — zu, and % = u/z. The differential
equation (9) becomes upon substitution

di _

_en (1)
dx X7

which can be integrated by separation of variables. The variable change to convert

(10) to (11) is found by solving for z as a non-local function of x and y. The expression

¥=u— zu, is solved for z where u/z is replaced by £. The results for x and y are

x b4
Xx=r——— =7 12
[dz/7+C Y= Tazfz+c 7 (12)
The inverse coordinate transformation is
J=x-y and f=éxexp(—fgf) (13)

as can be seen by comparing the arguments of the function g in (10) and (11) and by
setting x/z = % and y = dx/d In z which gives upon integration z as a non-local function
of x and y. The solutions for x and y are then found by substituting the solution for
X and changing the integration variable to § in {12) from (11), The solutions for x
and y as parametric functions in ¥ are

e ha(3) ’- hy(7) S
(3 d5)/ s+ C [(h(3) dp)/gm)+C

ha(}")=exp[ J' ;’(—‘:f)’]

For many functions g(y} the integrals can be performed and the expression for x as

a function of j inverted to give § as a function of x.
!

(14

for

4. Results for the hidden symmetries

The results for the hidden symmetries of the first-order ODEs are summarized in this
section. The higher-order oDE is a second-order opE invariant under a non-Abelian
two-parameter subgroup of the projective group. Given are the general forms of
the first-order opE with hidden symmetries, restricted to the first-order derivative
in the first power. The variable transformation to the higher-order opE is noted as are
the variable transformations between the two first-order oDEs. The solutions for y(x)
in cases 1,, and II,, and parametric solutions for cases lII,, and IV, , are given.
The results are indicated in the tables. In table 1 for each of the eight cases noted
in column 1 the two group generators for the two-parameter group are tabulated in
column 2. The group generator is U, {Ug) corresponding to the normal (non-normal)
subgroup. The constant k in the commutator given by (3) is 1 for the cases I,,, and
11,5, —1 for the cases IIl,, and IV,,. The general form of the second-order obe
invariant under the two-parameter group of Lie point transformations is presented in
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Table 1. The group generators U, and Uj, for the normal and non-normal subgroups
respectively are listed in column 2 and the general forms of the second-order ODE invariant
under the 2-parameter subgroup of the projective group are given in column 3, The eight
2-parameter subgroups are indicated in column 1 for this and all tables.

Case Group generators Second-order ODEs
I, Up=a, Up=z9, F(u,izf)=o

I, U,=8,, Up=us, F( )-

11, U,=u,, Ug=zs, F( Z(u — )) =
11, U,=z29,, Us=ua, F(z, )

i1, U,=z%,+zud,, U=z, Flu—zu,, z°uu,,)=0
111, U, = zus, +u,, Us=us, F(f—ﬂ{, Z—M:;ll) =0
IV, U,=28,, Ug=z3, F(u-zu,, z%u,,)=0
v, U,=us,, Ug=us, F(i-—z,%) =0

column 3. The ‘solved’ form of the second-order opE can be calculated from the
general form where the second-order differential invariant containing wu,, is set equal
to a general function, g, of the other invariant. The ‘solved’ form here has the
highest-order derivative to the first power. The statements about the reduction of the
order of an opE which is invariant under a Lie point group, are usually made about
opEs with the highest-order ODE appearing in the first power as a function of the
lower-order derivatives and the two variables. Transcendental expressions such as were
found for a carrier transport equation in semiconduciors for the first-order derivative
and the function [23] are not considered here and are usually excluded.

In table 2 the variable transformation for the non-normal subgroup is presented.
The first-order differentia) invariants and invariants found from the extended group
generators for Ug, the non-normal group generator, are tabulated in column 2. This
is the variable transformation that reduces the order of the ‘solved’ form of the
second-order ODE to the first-order opE. First-order opes, which have the hidden
symmetries, are tabulated in column 3. These are the equations, excluding case I, with
no apparent invariance under one-parameter Lie point groups. The corresponding
quantities for the normal subgroup are tabulated in table 3. The coordinate transforma-
tions from (x, y) of the non-normal subgroup variables to (%, ¥} of the normal subgroup
variables and the inverse coordinate transformations are not tabulated here but are
given in a technical report.

In table 3 the first-order oDEs are identical for the cases with the same Roman
numeral and very similar otherwise. This similarity is not accidental; the eight cases
can be classified into two types of the four possible normal forms of group generators
of two-parameter groups [10]. In the normal forms one group generator is for transla-
tional invariance. The two types of normal forms found here are for non-Abelian
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Table 2. The variable transformation or invariants for the non-normal subgroup are given
in column 2. The first-order ODEs for the non-normal subgroup variables are listed in
column 3.

Case Non-normal variables First-order ODEs
d
I y=zu,, x=u —y=yg(x)+l
dx
u, d
L y==, x=z 2= yg(x)-y?
u dx
d
11, y=zu, x=u “l=y(x—y)g(x)+1
dx
u, d
n,  y==, x=: 2= (1-xy)g(x) = 5
u dx
III, y=zu, x=u Q=m+l
dx xy
B d N
1, y=2 x=: —y='v—g(—-—x)—y2
u dx x " \y
IV,  y=m, x=u dy_g&-y)
dx ¥
1
N,  y==, xe: 93=y’g(——x)—y2
u dx y

Table 3. The variable transformation or invariants for the normal subgroup are given in
column 2. The first-order ODEs for the normal subgroup variables are listed in column 3.

Case Normal variables First-order ODEs
_ - i _
1 F=u, X=u E:=yg(x)
X
a4
I, y=u, x=z —¥='g(f)
dx
u dy
II f=——z, = — = —fjg(£
« y " z, f=u P yg (£}
a5
11, F=u—mi, f=z d—;=—ffg(f:)
- LW d¥ _g(7)
1, F=u—zu,, x—z P
" u d7 gy}
I Fe——g R=— ==
b ¥ u, » =3 dx  xF
o i} 47 gy
IV, V=u—zm, X=:z a5 T
a7 _
v, y'=l-z, i=u y=____g;y)
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Table 4. The solutions given in column 2 for y(x) for cases I and II and the parametric
solutions x(7) and y(¥} are given for cases III and IV.

Case Solutions

R
1

11

L ;=hl(x)[J‘ hy(x) dx+K:|
1
y

1 =Ly hax)
° T x o x{x] hylx) dx/x*+ K]
__l ha(x)
1L, Y= x o) dn/ i+ K]
hy(3) hy(7)

I,

TThGds/g+ K T T Th() dp/e i+ K 7

1 dy :| 1 ( _ -J dj “)-1
m,  —=h e K] T i
b . a(y)U g(Fhs() y 7 A7) L) g(Mh(7) ]

NI } g7 j 595 _, ¢ ]

v, x h..(y)“ g(ﬁh‘_@)*’K s yETIRG) z(f)hg(ﬁ)+K=

_ Fdy ] 1 j Fdy i
v ==h +K |, —=5—h K
boox ‘(”)” s () y 7O ) o X

groups where they are further distinguished by zero or non-zero values for 8. The &
is the determinant of the coordinate functions of the group generators. In table 3 5§ =0
for cases I and II and & # 0 for cases III and IV,

The solutions of the first-order ODEs in the normal subgroup variables are tabulated
in table 4. For cases I, and II_, the relation for y(x) is direct since ¥ = x. For cases
I11,, and IV, , a parametric relation occurs. The h-functions in table 5 are:

re 1 r r 1
hl(x)=exp|_J g{x) de hz(x)=exp|_—J xg(x)de

_ ydy o dy
h =geX [I——_—] h( )=EX [-J‘__]
The group generators for the first-order oDEs with the hidden symmetries in table

2 can be calculated but are not presented here. The group generators are non-local.
The properties of non-local group generators are discussed by Olver [8].

(15)

5. Vlasov characteristic equation and reaction—diffusion equation

We consider two physical examples. The first example arises in the solution of the
Vlasov equation for a collisionless plasma. The Lie symmetries of the Vlasov characteris-
tic equation were investigated earlier [16] but the solutions were limited. The equation
of motion of a one-dimensional charged particle in a space- and time-dependent electric
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field is the Vlasov characteristic equation

d*x gq;

pﬁf E(x,1) (16)
where x is the position, ¢ is the time, g; is the charge, m; is the mass of the particle
and E(x, t) is the electric field and SI units are used. The Lie symmetries were calculated
in (16). A very general case (the coordinate function of the x-derivative of the group
generator does not depend linearly on x since these result in very complicated cases)
leads to a reduced equation

v _ . 9, dU.

VJ
dx m; dx

(%) (17)
where the general expressions for ¥”(x, v, t) and %(x, t) are given elsewhere [16] and
U.(%)is an arbitrary function of % at this point. The first-order, nonlinear ODE, equation
(17), was found to have solutions for {i) N =0 which gave an energy in these
transformed variables and (ii) N # 0 and U.(X) quadratic in x.

To find more solutions the variables have been changed to alter (17) close to the
form of the oDEs in table 2. The procedure in this example is to match our first-order
ODE to one in table 2. Define

w=%"+ N% i=% (18)
and interchange dependent and independent variables. Then

dz . g, dU, ) -

22w nNy 2 ey

&= w-nn( LT ® (19)

Next we choose a simple form of the potential

P
v =2(2). (20)
Xy \ X
Four values of p were found to give solutions; more values may. For p=-1 the
potential is quadratic in £ as was already known and this is case IV, in the tables.
For p=0 a linear opE results which is case I,. For p =1 equation (19) can be put
into the Riccati form but it does not fit the Riccati equations in table 2. For p=1 we
find the Bernoulli equation which is case 1, in table 2. The invariant for the p=1 case

is
1 m<(°V'+Nf)2:I mN J VN ( mw?
$.=|=ex [— z +—L exp|l ——=—1dw 21
! [x P q,Up gy Ji P 2q,U, 1)

where the limit L is a constant as is #; and the other cases have similar invariants.

The second example comes from the reaction-diffusion equation [28-30] which
has wide applications in plasmas, biology and chemistry. Consider a particular form
of the reaction-diffusion equation

n_pl (ni'—t) Fan® (22)
at ax ox

where n{x, t) is the number density, x is the position, ¢ is the time, D is the diffusion
coefficient, and g, p and a are constants. Although similarity solutions are frequently
postulated for (22), we assume that a travelling wave occurs with n{x—uvt) forva
constant, This dependence is allowed because of the invariance of the reaction-diffusion
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equation under translations in x and t. Equation (22) becomes a second-order ODE

d qﬂ dn

DEE(H d§)+vd—§+an”=0 (23)

for ¢=x-—ut
Equation (23) has solutions for a number of parameters. If g =1 —p, this equation
is invariant under the stretching (dilatations) group as well as translations in £ In
addition for g = 1 —p this equation can be reduced to a second-order linear oDE by a
non-local transformation, S = | d¢/nq. This is a generalization of the diffusion equation
with ¢ = —2 that was first discussed for a non-local transformation by Storm [31] and
later by many others [32-34]. We consider g = —1, p =2 here. For those values (23) is
invariant under the group represented by the group generators
d d na
Ue o Y §6£ on’
Since [U,, U,;]= U, then the invariants associated with U, are the non-normal sub-
group variables. If we reduce (23) by those invariants,
dn

x=¢&n y=§zag- (25)

(24)

We find

dy _2Dxy+Dy’—ox’y —ax’
dx Dx{x+y)

where the translation group symmetry has been lost. Equation (26) has a hidden
symmetry which can be recovered by increasing the order of the opE back to second
order to find (23).

The order of (23) can be increased by applying the Riccati transformation,

(26)

n=1"-tf f=z (27

where the choice of this group is suggested by the form of the invariance of (23) under
the stretching group and the form of the non-lecal transformation. We find if D= oI
that

Dutuu,,, —Dutul, +alui=0 (28)

where (28) is invariant under the groups represented by the group generators, U, U,
and U,. If we use the invariants of UJ;, which are non-local subgroup variables, to
reduce the order of equation (28), we find a second-order opE which has a hidden
symmetry. If we use the invariants of U, to reduce (28) to a second-order oDE, we
find the linear ope found by a non-local transformation of (23). In that case (28) has
a type II hidden symmetry in which new symmetries appear when the order of the
ODE is reduced. Type II symmetries have been analysed in unpublished work.

6. Discussion

Hidden symmetries of first-order oDEs have been analysed for the eight non-Abelian
subgroups of the projective group. In general the oDEs are nonlinear. This is the first
systematic study of type I hidden symmetries for nonlinear opEs although Olver {8]
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considered case IV, in a somewhat different format. The non-local coordinate transfor-
mations between the two sets of variables for the first-order onEs and the parametric
form of the solutions have been stressed here. We have not reported on the non-local
group generator which was mentioned by Olver. Two physical examples have been
presented. These are hidden symmetries of the equation of a charged particle in a
time- and space-dependent electric field and of a reaction-diffusion equation.

The hidden symmetries of nonlinear pDEs, which are usually called potential and
non-classical symmetries, have received more attention recently. However, the hidden
symmetries of nonlinear oDEs are very important. In the two examples from physical
problems the original equation was a PDE which reduced to an opE. Also this paper
attempts to correct the misimpression that the only symmetries of the oDEs are those
found by the classical Lie group method for point symmetries or its extension to contact
and generalized symmetries. With this viewpoint researchers may conclude that no
analytical solutions exist when in fact they do. In addition, the forms of the variable
transformations found here may suggest other non-local variable transformations for
ODEs, which are not apparently invariant under a Lie point group.

Two aspects of the results should be noted. First, a class of first-order oDEs, not
apparently invariant under a Lie point group, can be reduced to quadratures. The
extension of the approach employed here, the construction of the general form of
higher-order opEs with more complicated hidden symmetries, seems quite feasible.
Second, for a particular first-order oDE the tables offer an easy check of the opE even
though the tables are still limited since only the subgroups of the projective group
have been presented. The variable transformations and general form of the solutions
in terms of integrals are tabulated.

In table 2, we note that the first-order opes for cases I, and I1,, are similar. A
linear opE and a Riccati equation, which is also a Bernoulli equation, are the resulting
equations for cases I, and I, respectively. Both can be reduced to quadratures by
well-tried methods. However, the coordinate transformation from the original first-
order ODE variables (x, y) to the new first-order oDE variables (X, 7) is non-local. The
non-tocal character of the variable transformation is fundamental and is clearly the
attribute which gives rise to the hidden symmetries. For cases I, and II,, the solution
¥{x) is shown explicitly as integrals (they may be multiple} containing the arbitrary
function g(x). Besides the tables for Lie point symmetries of first-order oDEs the tables
of differential equations of Kamke [35] have extensive lists of first-order obnEs for
which solutions have been found. The oDEs in table 2 for cases I, and I, are there,
of course, and the opE for case II, is there as well but the oDE for case II, is not
found. The exclusion of the oDE for case 11, is a bit odd since all the first-order oDEs
labelled with subscript b can be transformed to the comparable oDE labelled with
subscript a by changing y to 1/y to within a minus sign.

Also in table 2 we note that the opEes for cases 111, and IV, are snmllar For the
cases III, and 1V,, the solution can be expressed in terms of parametric functions
x(7) and y(F). For some functions g(j7) the relation for x(§) can be inverted and y
expressed in terms of x. Parametric functions in themselves are quite useful especially
with computer programs such as Mathematica. None of the opEs for cases I11,, and
IV,, appear in their general form in the Kamke tables. These are probably absent
since the general form of the solution is parametric. The approach here has the
advantage over the use of Kamke’s tables in that many variations of the same equation
are replaced by a single differential equation. In addition the approach is more
systematic and demonstrates the structure of the symmetries of those equations.
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